KOSZUL DIFFERENTIAL GRADED ALGEBRAS 
AND BGG CORRESPONDENCE 



J.-W. HE AND Q.-S. WU 



Abstract. The concept of Koszul differential graded algebra (Koszul DG alge- 
bra) is introduced. Koszul DG algebras exist extensively, and have nice proper- 
ties similar to the classic Koszul algebras. A DG version of the Koszul duality is 
proved. When the Koszul DG algebra A is AS-regular, the Ext-algebra E of A 
is Frobenius. In this case, similar to the classical BGG correspondence, there is 
an equivalence between the stable category of finitely generated left E-modules, 
and the quotient triangulated category of the full triangulated subcategory of the 
derived category of right DG A-modules consisting of all compact DG modules 
modulo the full triangulated subcategory consisting of all the right DG modules 
with finite dimensional cohomology. The classical BGG correspondence can be 
derived from the DG version. 



Introduction 

In his book [Ma| Manin presented an open question: How to generalize the Koszuhty 
to differential graded (DG for short) algebras? Attempts have been made by several 
authors as in [PP and [Be| . In their terminology, a DG algebra is said to be Koszul 
if the underlying graded algebra is Koszul. Koszul DG algebras in their sense are 
applied to discuss configuration spaces. 

In this paper, we take a different point of view. Let fc be a field. A connected DG 
algebra over A: is a positively graded fc-algebra A = ®„>o^"' with A° = fc such that 
there is a differential d : A ^ A of degree 1 which is also a graded derivation. A 
connected DG algebra A is said to be a Koszul DG algebra if the minimal semifree 
resolution of the trivial DG module Ak has a semifree basis consisting of homogeneous 
elements of degree zero (Definition I2.1|) . Our definition of Koszul DG algebra is a 
natural generalization of the usual Koszul algebra. As we will see in Section 2, a 
connected graded algebra regarded as a DG algebra with zero differential is a Koszul 
DG algebra if and only if it is a Koszul algebra in the usual sense. Examples of 
Koszul DG algebras can be found in various fields. For example, let M be a connected 
n-dimensional C°° manifold, and let {A*{M) = ®"^o A' (M) , d) be the de Rham 
complex of M, then {A* (M), d) is a commutative DG algebra and by de Rham theorem 
([M]) the 0-th cohomology group H°{A*iM)) ^ R. Hence the DG algebra A*{M) has 



2000 Mathematics Subject Classification. Primary 16E45, 16E10. 

Key words and phrases. Differential graded algebra. Derived category, Koszul algebra, BGG 
correspondence. 

1 



2 



J.-W. HE AND Q.-S. WU 



a minimal model A ( [KMj ) or Sullivan model ( |FHT2| ). which is certainly a connected 
DG algebra. If the manifold M has some further properties (e.g., M = T" the n- 
dimensional torus), then the de Rham cohomology algebra H{A* (M)) is a Koszul 
algebra. Hence the cohomology algebra of its minimal model (or Sullivan model) A 
is Koszul as A is quasi-isomorphic to A*{M). Then A is a Koszul DG algebra by 
Proposition 12.31 More examples of Koszul DG algebra will be given in Section 2. In 
fact, we will see that any Koszul algebra can be viewed as the cohomology algebra of 
some Koszul DG algebra. 

Bernstein-Gelfand-Gelfand in [BGG| established an equivalence between the sta- 
ble category of finitely generated graded modules over the exterior algebra /\ V with 
V = kxo © kxi © ■ • • ® kxn, and the bounded derived category of coherent sheaves 
on the projective space P". This equivalence is now called the BGG correspondence. 
BGG correspondence has been generalized to noncommutative projective geometry 
by several authors. Let i? be a (noncommutative) Koszul algebra. If R is AS-regular, 
J0rgensen proved in jjo] that there is an equivalence between the stable category over 
the graded Frobenius algebra E{R) = Ext^(fc, fc) and the derived category of the 
noncommutative analogue QGr(i?) of the quasi-coherent sheaves over i?; Martinez 
Villa-Saon'n proved in [MS] that the stable category of the finite dimensional mod- 
ules over E{R) is equivalent to the bounded derived category of the noncommutative 
analogue qgri? of the coherent sheaves over R. Mori in [Mo] proved a similar version 
under a more general condition. One of our purposes in this paper is to establish a DG 
version of the BGG correspondence. In some special case, the DG version of the BGG 
correspondence coincides with the classical one as established in |BGGj and |MSj . 

The paper is organized as follows. 

In Section 1, we give some preliminaries and fix some notations for the paper. 

In Section 2, we first propose a definition for Koszul DG algebras (Definition [2Tl]) , 
then give some examples and discuss some basic properties of Koszul DG algebras. 
For any connected DG algebra A, we prove that if the cohomology algebra H{A) is 
Koszul in the usual sense, then A is a Koszul DG algebra (Proposition 12. 3p . The 
converse is not true in general. 

In Section 3, we discuss the structure of the Ext-algebras of Koszul DG algebras. 
For any Koszul DG algebra A, we prove that the Ext-algebra E — Ext^(^fc,yifc) of 
A is an augmented, filtered algebra. Moreover, if H{A) is a Koszul algebra, then the 
associated graded algebra gr{E) is isomorphic to the dual Koszul algebra {H{A))' 
f Theorem 13. 3p . If further, Ak is compact, then E is a. finite dimensional local algebra; 
when H{A) is Koszul, the filtration on E is exactly the Jacobson radical filtration 
(Theorem 13. 5p . Using bar and cobar constructions, we prove the following version of 
the Koszul duality on the Ext-algebras (Theorem 13. 8^ : 

Theorem [Koszul Duality on Ext-algebra]. Let A be a Koszul DG algebra and E be 
its Ext-algebra. If ^fc is compact, then Ext^(£;fc, ^fc) = H{A). 
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As a corollary, we show that the Ext-algebra of a Koszul DG algebra A with Ak 
compact is strongly quasi-Koszul ( |GMj ) if and only if its cohomology algebra H{A) 
is a Koszul algebra. 

In Section 4, by using Lefevre-Hasegawa's theorem in \Le\ Ch.2] (see Theorem l4.ip . 
we establish a DG version of Koszul equivalence and duality (Theorems 14.41 and I4.7P . 

Theorem [Koszul equivalence and duality]. Let A be a Koszul DG algebra and E 
be its Ext-algebra. Suppose ^ifc is compact. Then there is an equivalence of triangu- 
lated categories between V'^{E) and E'j'^(A°P); and there is a duality of triangulated 
categories between V'' (mod- E°p) and 2?'=(A°p). 

Here 'D^{E) is the the derived category of bounded below cochain complexes of 
left i?-modules; V^{\aod-E) (resp. 'D^{mod-E°'P)) is the bounded derived category 
of finitely generated left (resp. right) £'-modules; VdgiA"^) (resp. I?|^(yl°P)) is the 
derived category of right DG A- modules (resp. bounded below right DG A- modules), 
and 'D'^{A°P) is the full triangulated subcategory of V~^g{A°'P) consisting of all the 
compact objects. 

As a corollary, we show that each finite dimensional local algebra with residue field 
k can be viewed as the Ext-algebra of some Koszul DG algebra. As a result, we see 
that the cohomology algebra of a Koszul DG algebra may not be Koszul. 

In Section 5, we introduce the concept of AS-regular DG algebra. Based on the re- 
sult obtained in Section 4, we show that the Ext-algebra of an AS-regular Koszul DG 
algebra is Frobenius (Propostion 15.41 and Corollary 15. Sp . We then prove a correspon- 
dence between some quotient category of the derived category of a Koszul AS-regular 
DG algebra and the stable category of its Ext-algebra, which is similar to the classical 
BGG correspondence (Theorems 15.71 and I5.8p . 

Theorem [BGG Correspondence]. Let A be a Koszul DG AS-regular algebra with 
Ext-algebra E = Ext^ {k,k). Then there is a duality of triangulated categories between 
mod- E'P and 'D'^{A''p) /V fd{A''P) and an equivalence of triangulated categories between 
mod^£; and V''{JeP)/Vfd{/eP). 

Here mod- EP'p (resp. mod- E) is the stable category of finitely generated right (resp. 
left) -E-modules. Vfd{A'P) is the full triangulated subcategory of the derived category 
of right DG ^-modules consisting of all the DG modules with finite dimensional co- 
homology. 

The results above are generalized to Adams connected DG algebras in Section 6. 
We show that the noncommutative BGG correspondence between the triangulated 
categories established in [Joj and |MS| can be deduced from the BGG correspondence 
on Adams connected DG algebras (Theorem 16. 8p . 
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1. Preliminaries 

Throughout, fc is a field and all algebras are fc-algebras; unadorned ® means (E)k 
and Horn means Hom/j. 

By a graded algebra we mean a Z-graded algebra. An augmented graded algebra 
is a graded algebra A with an augmentation map e : ^ — > fc which is a graded 
algebra morphism. A positively graded algebra A = ®„>o with Aq = k is called 
a connected graded algebra. Let M and N be graded A-modules. Hom^(M, N) is the 
set of all graded A-module morphisms. If i is a graded vector space, = Hom fL. k) 
is the graded vector space dual. 

By a (cochain) DG algebra we mean a graded algebra A = A" with a differ- 

ential d : A ~* A of degree 1, which is also a graded derivation. An augmented DG 
algebra is a DG algebra A such that the underlying graded algebra is augmented with 
augmentation map e : A ^ k satisfying eod — 0. kere is called the augmented ideal of 
A. A connected DG algebra is a DG algebra such that the underlying graded algebra 
is connected. Any graded algebra can be viewed as a DG algebra with differential 
d = 0; in this case it is called a DG algebra with trivial differential. 

Let {A,dA) be a DG algebra. A left differential graded module over A (DG A- 
module for short) is a left graded A-module M with a differential dM ■ M M of 
degree 1 such that dM satisfies the graded Leibnitz rule 

dM{o.m) ~ dA[a) ni + {~l)^°'^ad^/[{m) 

for all graded elements a £ A, m £ M . 

A right DG module over A is defined similarly. We denote as the opposite DG 
algebra of A^ whose product is defined as a • 6 = (— l)l°l l''l6a for all graded elements 
a, 6 e ^. Right DG modules over A can be identified with DG ^°^-modules. 

Dually, by a (cochain) DG coalgebra we mean a graded coalgebra C — 0„gz C" 
with a differential d : C — * C of degree 1, which is also a graded coderivation. A 
coaugmented DG coalgebra is a DG coalgebra C with a graded coalgebra map rj : 
k — > C, called coaugmentation map, such that c? o r; = 0. If C is a coaugmented DG 
coalgebra, then C has a decomposition C = k(BC, where C is the kernel of the counit 
ec, which is isomorphic to the cokernel C of rj. There is a coproduct A : C ^ C (E) C 
defined by A(c) — A(c) — l(X)c — c^l, such that {C, A) is a coalgebra without counit. 
A induces a coproduct A over C. {C, A) and (C, A) are isomorphic as coalgebras. A 
coaugmented DG coalgebra C is cocomplete if, for any homogeneous element x € C, 
there is an integer n such that A"-(a;) = (A (g) l^"-!) o • • • o (A (g) 1) o A(a;) = 0. A 
right DG C-comodule is a graded right C-comodule with a graded coderivation d^ 
(i.e. pnAn = {dw (g 1 + 1 (g dc)pN) of degree 1. A cocomplete right DG C-comodule 
is defined similarly ( [Le| ) . 
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For the standard facts about DG modules, semifrec modules and semifree resolu- 
tions of DG modules, etc, refer to |AFHj and |FHT2] . A DG A- module M is said to 
be bounded below if M" = forn < 0. Let A be a DG algebra, M and N be left DG 
A-modules, be a right DG ^-module. Following |KMj and [We| . the differential 
Ext and Tor are defined as 

Ext;^(Af, N) ^ i7"(RHomA(M, N)) and Tor^(M^, M) = H'^iW M) 

for all n e Z. 

Let s be the suspension map (shifting map) with (sX)" = X""-*^ for any cochain 
complex X . Thus : X — > s^X is of degree i for any i G Z. 

1.1. Bar constructions. 

Let A be an augmented DG algebra with differential d. Let I {A) — ■ ■ ■ Q> A^^ ® 
A^ @ A^ ® ■ ■ ■ be its augmented ideal. Let 

B{A) = T{s-\I{A))) 

^ k® s-\l{A)) ® s-\l{A)) ® s-\I{A)) ® © • ■ • . 

The homogeneous element s^'^ai®s^^a2®- ■ -^s^^Un oiB{A) is written as [ai|a2| • • • |a„] 
for homogenous elements ai, • • • , a„ G I (A). The coproduct 

A : B{A) B{A) ® B{A) 

is defined by 

A([ai|a2| • • • |a„]) = 1 «) [ai|a2| • • • |a„] + [ai|a2| • • • |a„] (g) 1 
+ Ei<i<„-i[ail • • • ® [a^+il • ' ' !«"], 
and define a counit e : B{A) k hy e\k — Ik and e([ai| • • • |a„]) — for n > 1. It is 
easy to check that {B{A), A, e) is a coaugmented graded coalgebra. 

Define Sq : B{A) ^ B{A) by 

n 

5^{[ai\- ■ ■ KJ) = -^(-irKI • • ■ M(a,)| • ■ • |a„], 
and define Si : B{A) ^ B{A) by 

n 

Si{[ai]) = and Si{[ai\- ■ ■ |a„]) = ^(-l)'^'[ai| • • • \a,-ia,\ ■ ■ ■ |a„], 

1=2 

where = Ej<»(|aj l " !)■ 

It is easy to see that 5q = SiSq + SqSi = Sf = 0. Set S = So + Si. Then S is 
a differential and {B{A),S) is a coaugmented DG coalgebra, which is called the bar 
construction of A. 

Let (M^dpi) be a right DG A-module. The bar construction of M is the complex 
B{M: A) = M B{A) with differential (5 = + <5i, where 

(5o(m[ai| • • • |a„]) = dM(?™)[ai| ■ ■ • 

- E:Li(-ir+i"iM«il ■ • ■ • ■ • W, 
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and 

5i{m) = 0, 
5i{m[ai\- ■ ■\an]) = (-l)''"'mai[a2| • • • |a„] 

+ Er=2(-l)"*+''"'"i[ail ■ ■ ■ ■ ■ ■ |a„]. 

B{M\A) is a right DG B(A)-coniodule. 
1.2. Cobar constructions. 

Let C be a coaugmented DG coalgebra with differential d, and let (7 = ■ • • © C^^ © 
(7° ® ® ■ • ■ be the cokernel of the coaugmentation map. Let 

n{C) = T{sC) = k®sC®sC®sC® [sC]®^ ® • ■ • 

be the tensor algebra, which is augmented. Define : Vl{C) — > ri(C) by 

n 

5o([xi| • • ■ \Xn]) ^~Y.^-ir[xi\- ■ ■ \d{x,)\ ■ ■ ■ |X„], 
i=l 

and di : n{C) n{C) by 

n 

dl{[xi\ ■ ■ ■ \X^]) = 5]5](-l)«' + l-'<^)l+Mxi| • ■ • \x.il)M- ■ ■ \Xn], 

1 = 1 {Xi) 

where Ki = ^(|a;j| + l) and ^ ® a;i(2) = A(xi). Set d = do + di. Then {n{C),d) 

is an augmented DG algebra, called the cobar construction of C. 

Let (Af, p, cIm) be a right DG C-comodule. Then we have a composition 

p:M^M®C — > M® C. 

The cohar construction of M is the complex f2(M; C) = M (g) ri(C) with differential 
d = da + di, where 

da{m[xi\- ■ ■\xn]) = dM{'m)[xi\- ■ ■\xn] 

n 

-Y.{-ir+^'^\m[x^\---\dc{x,)\---\Xn], 

i=l 

and 

5i(m[xi|---|x„]) = ^(-l)l"(»)lm(o)[m(i)|a;i|---|x„] 

(m) 

n 

where m(o) (?) TO(i) — p{m). 

[ra) 

n{M; C) is a right DG r2(C)-modulc. 

Lemma 1.3. [FHT2[ Ex. 2, P. 272] Let A be an augmented DG algebra. Then there 
is a quasi-isomorphism of DG algebras ^ : flB{A) — > A. 
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Lemma 1.4. |FHT2|, Proposition 19.2] The augmentation map 

B{A;A) ^ A(»B{A) ^ Ak 
is a quasi- isomorphism, and A®B{A) is a semifree resolution of Ak- 

Dually, we have 

Lemma 1.5. The coaugmentation map rj : k — > il(C; C) = C il{C) is a quasi- 
isomorphism of left DG C-comodule. 

Since C is coaugmented, C — k (B C . Let : ^{C\ C) — > k be the natural linear 
projection map. Then it is a right DG f2(C)-niodule morphism. Since cj) o rj — id and 
77 is a quasi-isomorphism, it follows that is a quasi-isomorphism, that is, k^-i(c) ^-nd 
r2(C; C) = C (g) J1(C) are quasi-isomorphic as DG f7(C)-niodules. 

1.6. Some notations. 

Let A be an augmented DG algebra. T>dg{A) stands for the derived category of 
left DG A-modules and Vdg{A°P) for the derived category of right DG A-modules; 
T>'^{A) (resp. T>'^{A°p)) stands for the full triangulated subcategory of Vdg{A) (resp. 
T>dg{A°P)) consisting of all the compact objects ( [Kel) Sect. 5]). If A is a connected DG 
algebra, then (resp. T>'^{A°p)) is equivalent to the full triangulated subcategory 

{aA) (resp. (Aa)) generated by the object aA (resp. Aa), that is, the smallest full 
triangulated subcategory containing a A (resp. Aa) as an object and closed under 
isomorphisms. 

Let E be an algebra. The notation V*{E) (* = +, — , h) stands for the derived 
category of bounded below (resp. bounded above, bounded) cochain complexes of left 
i!^- modules. V*{E°p) stands for the right version of V*{E). 

2. KOSZUL DG ALGEBRAS 

In this section, we give a definition of Koszul DG algebras, and discuss some basic 
properties of Koszul DG algebras. 

First of all we recall some classical definitions and well known results. Let F be a 
finite dimensional vector space, and T{V) — k®V ® V®"^ © • • • be the tensor algebra 
over V . With the usual grading, T(y) is a graded algebra. A quadratic algebra is a 
quotient algebra R = TiV) / (U) for some finite dimensional vector space V and some 
subspace U C- V ®V; the quadratic dual i?' of R is defined as T{V*)/ {IJ-^), where 
V* is the dual vector space of V and [/-'- C (1/ (g) V)* = V* ^V* is the orthogonal 
complement of U. A quadratic algebra R is Koszul (|Pr|. |BGS] , [SmH if the trivial 
i?-module jik admits a free resolution 

■ ■ ■ ^ Qn ■ ■ ■ Qi Qo ^ Rk ^ 
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with Qn generated in degree n for all rt > 0. If i? is a Koszul algebra, then its Yoneda 
Ext-algebra Ext^(ijA:, ^fc) = R- ( |Smj . [BGS| ). For more properties about Koszul 
algebras, we refer to the references |BGS) . [Pr] and [Sm] , 

Ungraded Koszul algebra was defined by Green-Martinez Villa ( [GM| ). Let E be 
a noetherian semiperfect algebra with Jacobson radical J. E is called a quasi-Koszul 
algebra if the quotient module E/ J has a minimal projective resolution 

> P„ ^ >P,^P,^E/J 

such that 

ker^n n J^Pn = Jker(5„ for all n > 0. 
E is called a strongly quasi-Koszul algebra if 

ker(5„ n J'f„ = J*"^ker(5„ for alH > 2 and n > 0. 

More properties and applications of (strongly) quasi-Koszul algebras may be found in 
|GM| and [Marj . We point out here that if E (with £'/ J = fc) is a strongly quasi-Koszul 
algebra then gr{E), the associated graded algebra, is Koszul ([GM]). 

Now let A be a connected DG algebra, and let / = ®„>i^"- A DG A-module 
M with differential d is said to be minimal if d{M) C IM. If M is a bounded below 
DG A-module, then M has a minimal semifree resolution ( [KMj . [M W| ) . Recall that 
a DG A-module P is called semifree if there is a filtration of DG submodules 

C P(0) C P{1) C ■ • • C P{n) C • ■ • 

such that P = U„>o P{n) and each P{n)/P{n — 1) is free on a basis of cocycles. 

A graded subset E' of a DG A-module P is called a semibasis if it is a basis of the 
graded module P over the graded algebra A and has a decomposition E = |J„>o 
as a union of disjoint graded subsets i?" such that 

d{E°) = and d(i;") C ®eeU,<„-B"^e for all n > 0. 

A DG A- module is semifree if and only if it has a semibasis ( [AFH|, Proposition 2.5]). 

We now give a definition of the Koszulity for DG algebras. 

Definition 2.1. A connected DG algebra A is called a left Koszul DG algebra if the 
trivial DG module Ak has a minimal semifree resolution e : P Ak such that the 
semibasis of P consists of elements of degree zero. 

Right Koszul DG algebra is defined similarly. The next proposition tells us that a 
connected DG algebra is left Koszul if and only it is right Koszul. 

Proposition 2.2. Let A be a connected DG algebra. The following statements are 
equivalent. 

(i) A is a left Koszul DG algebra; 

(ii) Ext^(^fc, Ak) — for all n ^ 0; 
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(iii) Tor\{kA, Ak) — /or all n ^ 0; 

(iv) A is a right Koszul DG algebra. 

Proof. Using the minimal semifree resolution of the trivial module. □ 

Let i? be a connected graded algebra. Suppose that 

■ ■ ■ ^ Qn ^ ■ ■ ■ ^ Qi ^ Qq ^ Rk ^ Q 

is a minimal free resolution of the trivial module j^k. If we consider i? as a DG algebra 
with trivial differential, and view • • ■ — > Qn Qn-i —>■■■■ as a double complex by 
using the sign trick, then the associated total complex (that is, Qq © 1] ® • ■ • © 
Qn[—n] © ■ • ■ ) is a minimal semifree resolution of the trivial DG module ^fc. Therefore 
i? is a Koszul algebra in the usual sense if and only if it is a Koszul DG algebra with 
trivial differential. 

Proposition 2.3. Let A be a connected DG algebra. If the cohomology algebra H{A) 
is a Koszul algebra, then A is a Koszul DG algebra. 

Proof. We use the Eilenberg-Moore spectral sequence ( |FHT2) . [KM]) 

E^'"' = Tor^^^)(fc,A:) = Tor^ ^ (fc, fc)" ^ Tor^+'(fc, fc), 

where q is the grading induced by the gradings on H{A) and H(A)k. This is a conver- 
gent bounded below cohomology spectral sequence. Since H{A) is a Koszul algebra, 
£:f'' = for p + g 7^ 0. Thus Tor^(fc, k) ^ for aU n ^ 0. □ 

Before proceeding to discuss further properties of Koszul DG algebras, we give some 
examples here. 

Example 2.4. Let A be the graded algebra k{x,y)/{y'^,yx), where \x\ — \y\ ~ 1. Let 
d{x) — xy and d{y) = 0. Then d induces a differential d over A and A is a DG 
algebra. It is not hard to check that II{A) = k®ky, which is a Koszul algebra. Hence 
by Proposition \2.3\. A is a Koszul DG algebra. 

The following example shows that Koszul DG algebras with nontrivial differentials 
exist extensively. 

Example 2.5. Each Koszul algebra R is the cohomology algebra of a certain Koszul 
DG algebra with nontrivial differential. In fact, R can be viewed as a connected DG 
algebra with a trivial differential. Then by Lemma \l.4\ CIB{R) is quasi- is amorphic to 
R as DG algebras. Hence H{nB{R)) ^ H{R) ^ R. Clearly QB^R) is a connected 
DG algebra with a nontrivial differential. By Proposition \2.3l flB{R) is a Koszul DG 
algebra. 

The converse of Proposition 12.31 is not true, as we will see at the end of Section HI 
However we have the following proposition. 
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Proposition 2.6. Let A be a Koszul DG algebra. If the global dimension gldimiJ(A) < 
2, then H{A) is a Koszul algebra. 

Proof. Let 

Q. : ^ Q2 ^ Oi — ^ H{A) -^k^O 
be a minimal free resolution of the trivial module H{A)k. It is direct to check that in 
this case the Eilenberg-Moore resolution ( [FHT2| . |KM| ) of the trivial DG module ^fc 
arising from Q, can be chosen to be minimal. If A is Koszul, then the minimal free 
resolution Q, must be linear and hence H{A) is Koszul. □ 

The Koszulity of DG algebras is preserved under taking quasi-isomorphisms. 

Lemma 2.7. |KM|, Proposition 4.2] Let A and B be DG algebras. If there is a 

quasi-isomorphism of DG algebras f : A > B, then the restriction of f induces an 

equivalence of triangulated categories f* : 2?(_B) — > 'D{A) with the inverse functor 
B(g)'^-. The same is true for V{E'p) and V{A°p). □ 

Proposition 2.8. Let A and B be connected DG algebras. Suppose that there is a 
quasi-isomorphism of DG algebras f : A — > B. If A (resp. B) is a Koszul DG 
algebra, then so is B (resp. A). 

Proof. If ^ is a Koszul DG algebra, then Ext^(/iA:, ^fc) = for all n ^ 0, that is, 
IIom-p(^)(yifc, A^M) = for all n ^ 0. Hence 

Homi5(B)(Bfc, _B/c[n]) = IIom-D(^)(/*(_Bfc), /*(_Bfc)[n]) = Homi5(A) (yifc, a^N) = 

for all n ^ 0. Hence Ext^(Bfc, ^fc) = for all n 7^ 0, and B is Koszul. □ 

3. The Ext-algebra of a Koszul DG algebra 

In this section, we study the structure of the Ext-algebra of a Koszul DG algebra. 
We prove a version of the Koszul duality on Ext-algebra for Koszul DG algebras. 

Let P be a semifree DG ^-module with a semifree filtration 

C P(0) C P(l) C • • • C P{n) C • • • . 

We may adjust the semifree filtration of P to get a standard filtration of P as in the 
following. 

Let be a semifree basis of P. Then as a graded A-module, P = A® kE, where 
kE — (BeeEks is a graded fc-vector space. Set inductively, 

V<a = V^(0) ^{vekE\ d{v) = 0} and F{0) = A(g, V{0) C P, 
V<i = {vekE\ d{v) e P(0)} and P(l) = A(g,V<iCP, 
V<n ^ {v ekE\ d{v) e F{n - 1)} and F(n) = A V<„ C P. 

Let V(n) be a subspace of y<„ such that V<n — V<„_i © V(n). Then for any 
7^ w G V{n), d{y) e F[n ~ l)\P(n - 2). 
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Obviously, U„>o-F(n) = P and F{n)/F{n - I) ^ A (g) V{n) is a free DG module 
over a basis of cocycles. Hence 

C F{0) C C • • • C F{n) C • • • 

is a new semifree filtration on P, which is called the standard semifree filtration of P 
associated to the semibasis E. 

As we will see in next example, the standard semifree filtration depends on the 
choice of the semibasis. 

Example 3.1. Let A be a connected DG algebra such that there is an element a £ 
with dA{a) ^ 0. Let P — Acq © Aei as a graded free A-module with deg(ei) = i for 
i = 0,1. Define d{eo) — and d{ei) — (i^(a)eo. Then P is a semifree DG A-module 
with a semifree filtration 

P: C P(0) C P(l) = P 

where P(0) = Aeo and P(l) Acq © Aei = Acq © A{ei - aeo) = P. 

Then E — {eo,ei} and E' — {eo,ei — aeo} are two semibasis of the semifree DG 
module P. Associated to the semibasis E, the standard filtration is the original one 

P : C P(0) C P(l) = P. 

Associated to the semibasis E' , the standard filtration is 

F : C P(0) = Aeo © ^(ei - aeo) = P- 

The main reason to introduce the standard filtration is that DG morphism preserves 
the standard filtration as in the following lemma, which is needed in the proof of 
Theorem 13.31 

Lemma 3.2. Let A be a connected DG algebra, M and N be minimal semifree DG 
A-modules with the standard filtration C Af (0) C M{1) C • • • and C A'^(O) C 
A'^(l) C • • • respectively. If the semibasis of M and N consist of elements of degree 0, 
then any DG module morphism f : M ^ N preserves the filtration. 

Proof. Assume that there are graded vector spaces U (i) and W{i) for j > such 
that M{i)/M{i -I) ^ A(g) U{i) and N{i)/N{i -I) = A® W{i). For any u e [/(O), 
f{u) G ®i>oW{i) and d{f{u)) = since / is a cochain map. Let f{u) = + ' ' ' + ^i* 
with ^ Vi- e W{ij) for < j < t and ig < ii < ■ ■ ■ < it. Suppose that t > 1. By 
the definition of standard filtration of N, d{vi.) e N{ij ~ 1) and d{vi.) ^ N{ij — 2). 
However, = d{f{u)) = d{vi„ + ■ ■ ■ + Vi^) — d{vi^-^ + ■ ' ' + "^it-i ) + d{v^). It follows that 
d{vit) = —d{vi„ + • • • + Vi^_^) G N{it-i — 1) C N{it — 2), a contradiction. Hence t = 
and f{u) e W{0), which implies /(Af (0)) C N{0). 

Now suppose f{M{n)) C N{n). Let M = M/M{n) and N = N/N{n). Then / 
induces a DG morphism f : M ^ N. M and N are minimal semifree modules with 
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standard semifree filtration 

M(0) = M{n + 1)/M{n) C M{1) = M{n + 2)/M{n) C • ■ • and 

N{0) = N{n + 1)/N{n) C N{1) = N{n + 2)/N{n) C ■ • ■ 

respectively. By the previous narratives, we have f{M{Q)) C ^(0), which in turn 
implies /(M(n+ 1)) C iV(n + 1). □ 

Theorem 3.3. Let A be a Koszul DG algebra. Then 

(i) the Ext-algebra E = Ext^(^fc,yifc) oj A is an augmented algebra; 

(ii) there is a filtration 

F : E ^ Fo D Fi^ ■ ■ ■ D Fn2 ■ ■ ■ 

on E such that E is a filtered algebra. Moreover, if H(A) is a Koszul algebra, then the 
associated graded algebra grp{E) is isomorphic to the dual Koszul algebra {H{A))' . 

Proof, (i) and the first part of (ii) may be proved by using the bar construction of A. 
We give a direct proof here for later use. 

Let £ : P — > Ak be a minimal semifree resolution of the trivial DG module Ak. 
Suppose that 

C P(0) C P(l) C ■ • • C P{n) C • ■ • 

is a standard semifree filtration of P associated to some semibasis. We have graded 
vector spaces V{0),V{1), ■■■ , V{n), ■ ■ ■ such that P(0) = A® V{0) and P{n)/P{n - 
1) = A® V{n) for all n > 1. By the minimality of P, it is easy to see that V{Q) — k. 
Since A is Koszul, 

E = Ext^iUft, Ak) = Ext^Ufc, Ak) = n ^(*)* = © n ^(*)*- 

Define a decreasing filtration F on E by 

F : Fq^E smA Fn^W V{i)* for n>l. 

We claim that E isa. filtered algebra with this filtration. For any x G F„ = ni>n ^(0* 
and y G F^ = ni>m^(*)*' ^^^^ ^ denote the corresponding DG module 
morphism x : P/P{n — 1) — > Ak, and y the corresponding DG module morphism 
y : P/P{m — 1) — > Ak. Since P/P{n— 1) is semifree, there is a DG module morphism 
fx : P/P{n - 1) — > P such that e o f^ ^ x ( }AFH[ Lemma 6.5.3]. Let g be the 
composition 

P ^ P/P{n - 1) ^ P, 

where tt is the natural projection map. By Lemma 13. 2| fx preserves the filtration, 
hence g{P{n — 1)) = and g{P{n + i)) C P(i) for all i > 0. Let h be the composition 

P ^ P/P(m -l)^k. 
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By definition, the product y -x in the algebra E is the restriction oi hog to ® j>Q V{i) . 
Since h o g{P{n + m ~ 1)) C h{P{m - 1)) = 0, it follows that yxe l\^>n+m V(.i)*- 
Hence E' is a filtered algebra with filtration {Fn}- 

Define a map e ; E — > k by e\k — idk and e|i?j = 0. Since Fi is an ideal, e is an 
algebra morphism, hence an augmentation map. (i) is proved. 

Now we prove the second part of (ii). Suppose that H{A) is a Koszul algebra. The 
trivial iJ(A)-modulc H{A)k has a linear projective resolution 

> H{A) V'in) ^ . . . H{A) ® V'{1) ^ H{A) ® y'(0) ^ H(A)k ~^ 0. 

The Eilenberg-Moore resolution ( [FHT 2, Proposition 20.11]) P' of the DG module 
Ak arising from the previous resolution of H(A)k is minimal. Hence P = P' as DG 
A-modules since A is connected and then V{i) = V'{i) as vector spaces for all i > 0. 
For convenience, we identify V{i) with V'{i) for all i > and P with P'. By the 
construction of the filtration F on E, we get Fn/Fn^i ~ V{n)* for all n > 0. Hence 
we have 

(1) gME) = V{nY - ExtJ,(^) (fc, k) 

n>0 

as graded vector spaces. Pick elements x £ V{n)* and y £ V^(m)*. As we know, x 
and y can be extend to be DG module maps (also denoted by a: and y respectively) 
P/ P{n — 1) Ak and P/P{m — 1) Ak- As before, there are filtration-preserving 
DG module morphisms fx '■ P/P{n — 1) — > P and fy : P/P{m — 1) — > P such that 
£ ° fx — X and e o fy = y. Let 5 be the composition of the DG module morphisms 

g:P^ P/P{n - 1) ^ P ^ P/P{m - 1) ^ fc. 

Then the product y ■ x £ V{n + m)* of x and y in gr-p{E) is the restriction of g to 
V{n+m). Since it is filtration-preserving, f^ induces a morphism of spectral sequences 

EP'''{fx) : El^^{PlP{7i - 1)) El'^iP). 

In particular, Pf'?(P/P(n - 1)) = -p) and E{'''{P) = iJJ'+M ® ^(-p) 

for all p < and p + q>Q- Now we regard x e V^("-)* and y G V^(m)* as elements in 
Ext^(^-)(fc, fc). Let /i_p = ©p>_^ Ef''^{fx). Then we get a commutative diagram 

9- ® V(n + m) s- ■ • • >- H(A) 18 V{n + 1) s- -tf(A) ® V(n) 




H(A) y{m) s- ■ ■ ■ 9- H(A) V{1) s- H{A) ® V(0) 



where rj^ and rjy are graded _ff (j4)-module morphisms induced by x and y. To avoid 
the possible confusion, we temporarily denote the Yoneda product on Ext^(^^(fc,fc) 
by y * X. By the definition of Yoneda product, y * x is equal to the restriction of 
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r]y o hm to V{n + m). Let : ©™o ^(*) ^ V^(to) be the projection map. For any 
V £ V{n + to), 



Let A be a connected DG algebra. When the trivial module Ak lies in V^IA), the 
DG algebra A usually has good properties. The following proposition is clear. 

Proposition 3.4. Let A be a connected DG algebra. If Ak £ ^{A) and H{A) is a 
Koszul algebra, then gldim_ff(A) < cxd. □ 

Theorem 3.5. Let A be a connected DG algebra. Suppose Ak G 'D'^{A). 

(i) If A is a Koszul DG algebra, then the Ext-algebra E — Ext^(^fc,^fc) is a finite 
dimensional local algebra with E/ J — k, where J is the Jacobson radical of E. 

(ii) If H{A) is a Koszul algebra, then gr{E) = where gr{E) is the graded 
algebra associated with the radical filtration of the local algebra E. 

Proof. We use the notations in the proof of Theorem 13.31 

(i) Since ^fc G V^{A), there is an integer to such that P{m) / P{m — 1) ^ and 
P{i)/P{i - 1) = for all i > to. Hence the filtration F : E ^ Fq D Fi D F2 D ■ ■ ■ 
stops at the m-th step. By Theorem 13.31 _E is a filtered algebra, hence for x G Fi, 
^rn+i _ Q Thus i? is a local algebra with Jacobson radical J — Fi and E/J = k. 

(ii) If II{A) is a Koszul algebra, then by Proposition l3.41 gldimiJ(A) < 00. Assume 
that gldimiJ(A) ~ n. Then the filtration F stops at the n-th step, and J"+^ = 0. By 
Theorem l3.31 gr-p{E) = (iJ(A))'. If we can show J* — Fi for all 1 < i < n, then we are 
done. Since V{j) = for j >n + l,E^ fc©T/(l)*®- • •©F(n)* and = 0"^iF(j)*. 
By Theorem 13.31 gr-p{E) is generated in degree 1, so (-Fi)" — Fn — V{n)*, that is, 
J" = Fn. Similarly, since V{n)* = J" C J"-i, V{n - 1)* C (Fi)"-i + V{n)* = J"-i 
andF„_i ^ V{n-l)*®V{n)* C J"-i. On the other hand, J"-i C V{n-l)* ®V{n)* . 
Hence F„-i — J"^^. An easy induction shows that J* — Fi for all 1 < i < n. □ 

We next prove a theorem similar to the Koszul duality for Koszul algebras [BGSj . 

Let A be an augmented DG algebra, and let R = B{A) be its bar construction. 

Lemma 3.6. |FHT2[ P. 272] The map ip : R* — > EndA(A (g) R) defined by 



riy o hm{v) = r]y (^E^ *""'"™^'"+™(/^)(t;)^ = Vy ° Tm ° fx{v) = g{v). 




n 



^(/)(l[ai|...K])=^(-l)l/l-'l[, 



ail • • ■ |ai]/([ai+i| ' ' ■ hn]) 



is a quasi- isomorphism of DG algebras, where tOi 



ai \ + ■ ■ ■ + \ai \ — i. □ 
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Lemma 3.7. Let A he a Koszul DG algebra and E be its Ext-algebra. If G 'D'^{A), 
then E* is a coaugmented coalgebra and there is a quasi-isomorphism of DG algebras 

^ : n{E*) — > A. 

Proof. Let R — B{A) be the bar construction of A. Then i? is a coaugmented DG 
coalgebra, and is concentrated in non-negative degrees. The graded vector space dual 
is an augmented DG algebra. It follows from Lemma 11.41 and Lemma 13.61 that 
E = iJ(Endyi(A eg) i?)) = H{R'^). Since A is Koszul, E is concentrated in degree zero. 
The last isomorphism implies that H^{R) — for all i > 0. Then there is naturally a 
quasi-isomorphism of coaugmented DG coalgebras 

— > i?, 

which induces a quasi-isomorphism of augmented DG algebras 

R* {Z°{R))*. 

Therefore E = H{R*) ^ {Z^{R))* as augmented algebras. Since Ak £ ViA), E is a 
finite dimensional algebra. Hence E'^ = as coaugmented coalgebras, and there 

is a quasi-isomorphism of coaugmented DG coalgebras 

E* — > R. 

This induces a quasi-isomorphism of DG algebras 

^ : n{E*) — > n{R) = nB{A). 

There is also a quasi-isomorphism of DG algebras C ■ ^B{A) — > A by Lemma [1.31 
Hence the composition 

(2) n{E*) nB{A) ^ A 

gives a quasi-isomorphism of DG algebras ip = o ^ : f7(£'#) — > A. The proof is 
completed. □ 

Theorem 3.8 (Koszul Duality on Ext-algebra). Let A be a Koszul DG algebra and 
E be its Ext-algebra. If Ak G ViA), then Ext;^(£;fc, _Efc) ^ H{A). 

Proof By Lemma l3Jl n{E*) = B{E)* is quasi-isomorphic to End£;(i; B{E)). 
Hence 

Ext^(£;fc, Ek) = H {EndEiE ® B{E))) = H{n{E*)). 
It follows from Lemma [X71 that Ext^(£;fc, ^gfe) = II{A). □ 

As an application of Theorem 13.81 we have the following two corollaries, which 
establish relations between Koszul DG algebras and (strongly) quasi-Koszul algebras. 

Corollary 3.9. Let A be a Koszul DG algebra. If Ak G T>'^{A), then the following are 
equivalent: 

(i) The Ext-algebra E of A is a quasi-Koszul algebra; 

(ii) 11(A) is generated in degree 1. 
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Proof. By Theorem 13.51 E is a. finite dimensional local algebra with the residue field 
k. The equivalence of (i) and (ii) follows from Theorem 13.81 and |GM1 Theorem 4.4]. 
□ 

Corollary 3.10. Let A be a Koszul DG algebra. If Ak € V^^A), then the following 
are equivalent: 

(i) The Ext-algebra E of A is a strongly quasi-Koszul algebra; 

(ii) H{A) is a Koszul algebra. 

Proof, (i) ==> (ii). By |GM1 Theorem 6.1] and its proof, Ext^(£;fc, ^fc) is a Koszul 
algebra. Theorem 13.81 implies that H{A) ^ Ext^(£;/c, ^fc) is a Koszul algebra. 

(ii) (i). Applying Theorem l3. 81 again. Ext^(£;fc, sk) = H{A) is a Koszul algebra. 
By [GMl Theorem 9.1], £; is a strongly quasi-Koszul algebra. □ 

4. Koszul Duality 

Let B be an augmented DG algebra and C be a coaugmented DG coalgebra. 
Lefevre-Hasegawa ( |Le[ Proposition 2.2.4.1]) established an equivalence between the 
derived category V{B) and the so called coderived category X'(C) when B and C 
satisfy certain conditions. Thanks for the result of Lefevre-Hasegawa we can prove a 
version of Koszul Duality f jBGSj ) for Koszul DG algebras. 

Let {B,mB,dB) be an augmented DG algebra with an augmentation map bb ■ 
B ^ k, and (C, A, dc) be a coaugmented DG coalgebra with a coaugmentation map 
ric '■ k C. A graded linear map t : C ^ -B of degree 1 is called a twisting cochain 
from C to B f [HM5] . [Li]) if 

Sb o T o rjc = 0, and 

TUB O (^T 1^ t) oA + dB °T + TO dc — 0. 

Let fl{C) be the cobar construction of C. The twisting cochains from C to B are 
one to one corresponding to the DG algebra morphisms from il{C) to B. There is 
a canonical twisting cochain tq : C Q{C) given by to(c) = [c] for any c £ C and 

To{k) = 0. 

Let T : C ^ i? be a twisting cochain. For any right DG C-comodule N, the twisted 
tensor product N ®r B ( [Le| . [Ke2j ) is the right DG S-module defined by 

(i) N ®T- B = N ® B &s a. right graded B-module; 

(ii) the differential 5 = dN®'^ + '^®dB + {^® mB){^ (g) t l)(pAr <8) 1), i.e. 

6{n (g) a) = d{n) a + (-l)l"ln ® d{a) + ^(-l)l"('')ln(o) r(n(i))a, 

(") 

for any homogeneous elements n ^ N and a ^ B. 
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Dually, for any DG S-module M, the twisted tensor product M ®t C is the right 
DG C-comodule defined by 

(i) M ®r C — M ® C a,s a. vector space; 

(ii) the differential 5 ^ dM + dc - (tom ® ®t ® ® A), i.e. 

5{m ®c)= d{m) ®c + (-f )I™Ito ® d{c) - ^(-f )l™lmT(c(i)) ® C(2), 

for any homogeneous elements m & M and c e C. 

Let DGmod--B be the category of right DG i?-modules and DGcom-C be the cate- 
gory of right DG C-comodules. Then there is a pair of adjoint functors {L,R) ( [Ke2] . 

my- 

DGcom-C ' DGmod-B. 

Let C be a cocomplete DG coalgebra, and DGcomc-C be the category of cocomplete 
right DG C-comodules. For any M, N e DGcomc-C, a DG comodule morphism 
f : M ^ N \s called a weak equivalence related to t f |Ke2j .[Le]) if L{f ) : LAI LN 
is a quasi-isomorphism. Note that a weak equivalence related to tq {B — fi(C)) is a 
quasi-isomorphism. But the converse is not true in general ( |Ke2| ) . Let /C(C) be the 
homotopy category of DGcomc-C. Equipped with the natural exact triangles, IC{C) is 
a triangulated category. Let W be the class of weak equivalences in the category /C(C). 
Then W is a multiplicative system. The coderived category T>dg{C) of C is defined to 
be /C(C)[>V^^], the localization of /C(C) at the class W of weak equivalences ( |Ke2] . 
[Lej ) . Let T>dg{B°P) be the derived category of right DG _B-modules. The following 
theorem is proved by Lefevre-Hasegawa in [Le', Ch.2], and also can be found in [Ke2] . 

Theorem 4.1. Let C be a cocomplete DG coalgebra, B an augmented DG algebra and 
T : C ^ B be a twisting cochain. Then the following are equivalent: 

(i) The map r induces a quasi-isomorphism D,{C) B; 

(ii) The adjunction map 

B ®rC ®r B ^ B 

is a quasi-isomorphism; 

(iii) The functors L and R induce an equivalence of triangulated categories ( also 
denoted by L and R) 

B. 

Now let A be a Koszul DG algebra. Suppose ^fc e ViA). By Theorem 1531 its Ext- 
algebra E' is a finite dimensional local algebra with the residue field k. Hence the vector 
space dual E* = E"^ is a coaugmented coalgebra which is of course cocomplete. Hence 
all the DG £'*-comodules are cocomplete. Let C = E* and B — 51(C). Clearly, B is 
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a connected DG algebra, and the canonical twisting cochain tq : C ^ fl{C) satisfies 
the condition (i) in the Theorem 14.11 Hence we have the following equivalence of 
triangulated categories 

R 

Let V+g{n{E*)°P) be the derived category of aU bounded below right DG n{E*)- 
modules, that is, consisting of objects M with Af" = for n ^ 0. Since n{E*) is 
connected, it is not hard to see that is a full triangulated subcategory of 

Vdg{^{E*)°P). Similarly, let lC\g{C) be the homotopy category of bounded below DG 
cocomplete comodules, and let be the localization of IC'^g{E*) at the class 

of weak equivalences W+ in IC^g{E*) {W^ is also a multiplicative system). One can 
check that is a full triangulated subcategory of Vdg{E*). Restricting L and 

R to the subcategories V+g{E*) and V+g{n{E*yP) respectively, we get the following 
proposition. 

Proposition 4.2. Let A be a Koszul DG algebra and E be its Ext-algehra. If Ak G 
'D'^{A), then the following is an equivalence of triangulated categories 

T^UE*) ^ V%{^{E*r)- □ 

R 

Since E* is concentrated in degree zero, a DG i?*-comodule is exactly a cochain 
complex of £'*-comodules. Hence IC'^g{E*) = IC^{E*), the homotopy category of 
bounded below cochain complexes of right i?*-comodules. It is not hard to see that the 
class W+ of weak equivalences related to tq is exactly the class of quasi-isomorphisms. 
Hence V+g{E*) = ICjgiE*)[{W+)~^] = D+{E*), the derived category of bounded 
below cochain complexes of right i?*-comodules. By Proposition 14.21 we have the 
following proposition. 

Proposition 4.3. Let A be a Koszul DG algebra and E be its Ext-algehra. If E 
T>'^{A), then there is an equivalence of triangulated categories (we use the same nota- 
tions of the equivalent functors as in Prop. ) 

D+{E*)^vjg{n{E*r). a 

R 

Since is a finite dimensional algebra, the category of left i?-modules is isomorphic 
to the category of right £^*-comodules ( [Monl 1.6.4]). Hence there is an equivalence 
of triangulated categories 

F 

V+{E) ^ V+{E*), 

G 

where V'^{E) is the derived category of bounded below cochain complexes of left 
£'- modules. 
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By Lemma 13.71 there is a quasi-isomorphism of DG algebra ip : fl{E*) — > A. 
Hence by Lemma [2.71 the following gives an equivalence of triangulated categories 



V+(A°P) ] — - — ' V+(n(E*)°P). 



Let $ (— A) o Lo F and "ii =^ G o R o ip*. We have the following theorem. 

Theorem 4.4 (Koszul Equivalence). Let A be a Koszul DG algebra and E he its 
Ext-algebra. If Ak G V{A), then we have an equivalence of triangulated categories 

V+iE)^Vl(A''n. 

It is easy to see that ^{Ek) = L{k^') ^^^^e') ^ = ^{E*) ®n(E') ^ = ^-4- Tem- 
porarily write (sk) the full triangulated subcategory of generated by Ek. By 
restricting $ and ^P, we get an equivalence of triangulated categories 

{Ek)^V^A). 

Lemma 4.5. (b/s) = P''(mod-i?), where mod-i? is the category of finitely generated 
left E-modules. 

Proof. It suffices to show that all the finitely generated i?-modules are in {Ek). Since 
E is finite dimensional, any finitely generated ii^-module is finite dimensional. Clearly, 
all 1-dimensional modules are in {sk). Let iV be a finite dimensional module. Since 
soc(N) ^ 0, we have an exact sequence 

— > Ek — >N — > N/sk — > 0. 

Since dimiV/ ^fc < dimiV, an induction on the dimension of N implies that N lies in 
{Ek). Hence all finitely generated ii'-modules are in {sk). □ 

Corollary 4.6. Let A be a Koszul DG algebra and E be its Ext-algebra. If Ak G 
V^^A), then we have an equivalence of triangulated categories 

V\mod-E)^V%A°P). 

Since E is finite dimensional, the vector space dual ( )* induces a duality of trian- 
gulated categories 

( )* 

2?(mod-^) ; 'V{mod-E°P). 

( )♦ 

Now, we are able to give a version of the Koszul duality for Koszul DG algebras. 

Theorem 4.7 (Koszul Duality). Let A be a Koszul DG algebra and E be its Ext- 
algebra. Suppose Ak G T)'^{A). Then there is a duality of triangulated categories 

V\mod-E°P)^V%A°P). 

g 
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It is easy to see that 
(3) HkE) = '^{Ek) = Aa 

and 



Li 



{{E*f')®^^E')^ 



(a) 

(4) = kA, 



kn(E-) ®a(E.) A 



where the isomorphism (a) holds, because L{{E*)^ ) ~ Vl{E*\E*) which is quasi- 
isomorphic to k^^E-) as a DG ri(-E'*)-module by the narrative below Lemma [131 

From the proof of above results, we have proved in fact the following result. 

Corollary 4.8. Let R he a finite dimensional local algebra with the residue field k. 
Then there is a duality of triangulated categories 

and under this duality, the trivial module kp corresponds to U,[R*) and Rj^ to kfK^jity 
□ 

The following corollary was indicated in [Ke2| and |Lej . As an application of Corol- 
lary [4?8l we give a proof here. 

Corollary 4.9. Let R be a finite dimensional local algebra with the residue field k. 
Then the connected DG algebra Q{R*) is a Koszul DG algebra. Moreover, the Ext- 
algebra Ext^^^,-) (fc. A:) is isomorphic to R. 

Proof. By CoroUarv 14.81 fco(i?«) is compact, and 

^^^n{R')''p{k,k) Hom27o(i^(fl.)op)(A:,fc[-n]) = Hompi,(fl.op)(i?[n], i?) = 

if n 7^ 0. Therefore n{R*) is a Koszul DG algebra. Moreover, the following are algebra 
isomorphisms 

Ext*(^,)(fc,fc) - Ext*(^,)„,(A:,fc)°P - ExtJ,„,(i?,i?) - i?. □ 



In particular, by Corollary 14.91 if k is algebraically closed, then any finite dimen- 
sional local algebra can be viewed as the Ext-algebra of some Koszul DG algebra. 

Example 4.10. Now let V = kx ® ky ® kz a.nd R ^ T{V)/T^^{V). Clearly, R is 
a finite dimensional local algebra. Then B ~ ri(i?*) is a Koszul DG algebra with 
Ext*g{Bk, sk) — R. Since gr{R) = R is not a Koszul algebra, so R is not a strongly 
quasi-Koszul algebra. By CoroUarv 13. 10( the cohomology H{B) can not be a Koszul 
algebra. Hence the converse of Proposition [^751 is not true. 
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5. BGG CORRESPONDENCE 

In [BGG| , Bernstein-Gelfand-Gelfand established an equivalence of categories 

grmod-A(y) ^ P''(ColiP") 

where grmod-A(y ) is the stable category of finitely generated graded modules over the 
exterior algebra A{V) of an {n + l)-dimensional space V ~ kxQ © kxi © • • • ® kxn, and 
r>''(CohP") is the bounded derived category of coherent sheaves over the n-dimensional 
projective space P". This equivalence is now called the BGG correspondence in liter- 
ature. A sketch of the proof of the BGG correspondence can be found also in |GMa[ 
P.273, Ex.1]. The BGG correspondence has been generalized to noncommutative pro- 
jective geometry by several authors ([Ej, |MS| . [Mo| ) . Let i? be a Koszul noetherian 
AS-Gorenstein algebra with finite global dimension. Then its Ext-algebra E{R) is a 
Frobenius algebra ( |Smj ). A version of the noncommutative BGG correspondence was 
proved in |MS| . which was stated as 

grmod-£;(i?) ^ P^(qgri?°P), 

where grmod- is the stable category of finitely generated graded modules over 
E{R) and qgr_R°P is the quotient category grmod-i?°^'/torsi?°P. Let ^^^^(grmod-i?"^) 
be the full subcategory of {gTmod-R°P) consisting of objects X with finite dimen- 
sional cohomology groups. It is well known that ([Ml]) 

V\qgTR°P) = V\gTmod-R''P)/V'}a{grmod-R°P). 

Hence the above BGG correspondence can be stated as 

(5) grmod- E{R) = D''(grmod-i?°P)/P^rf(grmod-i?°P). 

In this section, we deduce a correspondence similar to (O for AS-Gorenstcin Koszul 
DG algebras. 

First of all we recall the definition of AS-Gorenstein DG algebra. Let A be a 
connected DG algebra. We say that A is right AS-Gorenstein (AS stands for Artin- 
Schelter) if RHomA°p(A:, >1) ^ s"fc for some integer n r |FHTl| . [LP WZ| . [LPWZ2] ) : A is 
right AS-regularii A is right AS-Gorenstein and kA G V^^A'^). Similarly, we define left 
AS-Gorenstein DG algebra and left AS-regular algebra. We call A is AS-Gorenstein 
(resp., regular) if A is both left and right AS-Gorenstein (resp., regular). 

Proposition 5.1. Let A be a connected DG algebra. If the cohomology algebra H(A) 
is a left AS-Gorenstein algebra, then A is a left AS-Gorenstein DG algebra. 

Proof. Consider the Eilenberg-Moore spectral sequence ([KMJ) 

E^,'^ = Ext^(^)(fc,i7(A))'' =^ Ext^+'(fc, A) 

where the index p in Ext^^^^(fc, _ff(j4))'^ is the usual homological degree and q is 
the grading induced from the gradings of ^fc and H{A). If the cohomology spectral 
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sequence is regular, then it is complete convergent ( [We| ) . If H{A) is AS-Gorenstein, 
then by definition there exist some integers d and / such that 

Ext^(^)(fc,H(A)) = 

Then it is routine to see that 

fo n^d + l 
Ext:^(fc,^) = <^ 

I fc n = d + I. 

Hence RHomyi(fc. A) = s"fc for n — d + I. □ 

We don't know whether the converse of Proposition 15.11 is true or not. If A is a 
connected graded algebra, viewed as a DG algebra with trivial differential, then A is 
an AS-Gorenstein DG algebra if and only if A satisfies AS-Gorenstein condition in the 
usual sense. The AS-Gorenstein property is invariant under quasi-isomorphism. 

Proposition 5.2. Let f : A ^ A' he a quasi-isomorphism of connected DG algebras. 
Then A is left AS-Gorenstein (AS-regular) if and only if A' is. 

Proof. The proof is similar to that of Proposition 12.81 □ 

Lemma 5.3. Let A be an AS-regular DG algebra. Suppose RHom^iop (fc, ^) = s'fc for 
some integer I. Let P ^ Ra he a minimal semifree resolution of kA with a semifree 
filtration 

C P(0) C P(l) C • •• C P{n) 
such that P{n) = P and P{n)/P{n - 1) 7^ 0. Then P{n)/P{n - 1) = A[-l]. 

Proof. There are finite dimensional graded vector spaces V^(0), V{1), ■ ■ ■ , V{n) such 
that P{i)/P{i - 1) V{i) ® ^ for aU < i < n (P(-l) = 0). As graded A- 
modules P = 0"^^ V{i) ® A. Hence HomA(P, A) = 0"^^ A ® V{i)* as graded left 
A-modules. Let {xi, • ■ • , xt] be a homogeneous basis of V{n). Let d be the differential 
of Hom^(P, A) induced by the differentials of P and A. For any 1 < s < i, define a 
graded right ^-module morphism 

fs-P^ ®7^qV{i) ®A~^A 

by sending Xg to the identity of A^ Xj to zero for j ^ s, and sending V{r) to zero for 
all r < 71. One can see that /i, • • • , /* so defined are cocycles of the cochain complex 
Hom^(P, A). Since P is minimal, d{g){xj) — {dAg — {—iy^^gdp){xj) G A-^ for any 
homogeneous element g e Hom^(P, A) and Xj. Hence any fj{l < j < t) can not be a 
coboundary. By hypothesis RHom^iop (fc, A) = s'fc, which forces dimV{n) = 1 and the 
degree of non-zero elements in V{n) is —I, that is, P(n)/P{n — 1) = s^^A. □ 

The following proposition is a special case of |LPWZ2[ Theorem 9.8]. 

Proposition 5.4. Let A be a Koszul DG algebra with Ext-algebra E = Ext^(fc, fc). 
Then A is right AS-regular if and only if E is Frobenius. 
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Proof. Suppose that A is right AS-regular. Then kA G which is equivalent 

to Ak e T>'^{A). Hence E is finite dimensional. Since A is Koszul, RHom^op(fc, A) = k 
by Lemma [5751 By Theorem 14. 7[ 

Ext^p(fc,£;) = Hompb(„,od-£p!')(fc,£^[-'^]) 

- Homp.(^op)(.F(i;),^(fc)hn]) 

= Homx)c(A°p)(fc, ^[-n]) 

= Ext^op(fc,A). 

Hence Ext^p(fc, £:) = for n 7^ 0. Let 

— > Ee — >I" — > — >■■■ 

be a minimal injective resolution of Ee- Since E is finite dimensional and local, all 
the injective modules J"'s are finite dimensional. Hence = Ext^p(fc, A) = socl'^ for 
all n > 1, and Homij.p(fc, E) = k. We get J" = for all n > 1 and /° = E*. Therefore 
we have a right i?- module isomorphism E = E*, that is, i? is a Frobenius algebra. 

Conversely, if E is Frobenius, then it is finite dimensional, and hence fc^ G 'D'^{A°p). 
Since E itself is injective and local, it follows Ext^p(fc,i?) = for n > 1 and 
Ext|,p {k,E) = k. Hence Ext^op {k,A)^ Ext^p (fc, = for n 7^ and Ext^„p {k,A)^ 
k. Then RHomyiop(fc, A) = k, and hence A is AS-regular. □ 

In |LPWZ2[ Theorem 9.8], a more general case of the above proposition is proved 
with some locally finite conditions. 

Corollary 5.5. Let A be a Koszul DG algebra. Then A is right AS-regular if and 
only if A is left AS-regular. 

Proof Note that E''p ^ Ext*Aop{k, k). □ 

Next we are going to deduce a result similar to the classical BGG correspondence. 

Lemma 5.6. Let A be a connected DG algebra such that kA G 'D'^{A'p). Then the full 
triangulated subcategory {kA) of T>'^{A'p) generated by kA, is equal to T>fd{A'P), the 
full subcategory ofT>'^{A'P) consisting of DG modules M such that dimiJ(Af) < 00. 

Proof. For any DG module M, temporarily we write 

e{M) = sup{i I H'{M) 7^ 0} - \ H\M) ^ 0} 

and 

A(M) = sup{i I M' ^ 0} - inf{i | PP ^ 0}. 

We prove the lemma by an induction on KM). Let M be a DG A-module with 
dim7?(M) < 00. Without loss of generality, we may assume that H'^{M) = for 
I < or i > n for n = £{M). Since A is connected, by suitable truncations, we 
may assume that M is concentrated in degrees < i < n. If £{M) = 0, then M is 
isomorphic in T>'^{A'p) to a DG module N with X{N) = 0, which is a direct sum of 
finite copies of kA, and hence is in (fc^). Now suppose that each DG module M with 
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dim iJ(M) < oo and i{M) < n is in (fc^). If M is a DG module with dim iJ(M) < oo 
and i{M) = n, without loss of generality, we may assume M" ^ and Af" ^ 0, 
and JVP = for i < and i > n. Then the vector space M" has a decomposition 
M" = (i(M"~^) ® if for some subspace K. Since dimiJ(Af) < cjo, then dim if < oo. 
Taking if as a DG A-module concentrated on degree zero, then we have an exact 
sequence of DG modules 

— > s^K — > M — > Ai/s"if — > 0. 

Now £{s'^K) = and i{M/s'^K) <n-l. By the induction hypothesis, both s"if and 
M/s'^K are objects in (fc^), and hence Ai is in (fc^). Therefore (fc^) = Vfd{^^)- □ 

Theorem 5.7 (BGG Correspondence). Let A he a Koszul DG AS-regular algebra with 
Ext-algebra E — Ext^(fc, k). Then there is a duality of triangulated categories 

Proof. By the Koszul Duality (Theorem l4.7p . There is a duality of triangulated cate- 
gories 

and under this duality the object Ee G 2?''(modiiPP) is corresponding to the object 
kA e Vi^j^P) by gl). Hence there is a duality 

V'>{mod-E'P)/{EE) ^ V%A'P)/{kA), 

where (Ee) is the full triangulated subcategory of V'' {mod- EFP) generated by Ee- 
Since i? is a finite dimensional local algebra with E/J{E) = k f Theorem 13.51) . all 
finitely generated projective i?-modules are free. Therefore (Ee) = I?^(proj ii^P), 
where proj EFP is the category of all finitely generated right projective i?-modules. 
Hence 

V^mod-ETPj/iEE) = V\mod-E'P)/V'' {proj EFP). 
By Proposition 15.41 E is Frobenius, and hence ( |Belj ) 

{mod- EFP) /V^ {pYoj E'P) =^^-ErP. 
On the other hand, by Lemma l5.6l 

V%A°P)/{kA)^V'{yfP)/Vfd{A). 
In summary, there is an a duality of triangulated categories 

^E^-E°p ^v''{A°p)/Vfd{^p). a 

Since E is finite dimensional, there is an equivalence form of the BGG Correspon- 
dence. 

Theorem 5.8. Let A be a Koszul DG AS-regular algebra with Ext-algebra E = 
Ext^(fc,A;). Then there is an equivalence of triangulated categories 

^^-E ^ V%A°P)/Vfd{A°P). 
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6. BGG CORRESPONDENCE ON AdAMS CONNECTED DG ALGEBRAS 

Many examples of the DG algebra from algebraic geometry and algebraic topology 
admit an extra grading. Let A = (Bij^zAj be a bigraded space. An element a G is 
of degree («, j). The second grading is usually called Adams grading ( [KMj . [LPWZj ). 
A DG algebra {A, d) is called a DG algebra with Adams grading if A is bigraded and 
the differential d is of degree (1,0) (i.e., d preserves Adams grading). A DG module 
over a DG algebra with Adams grading is bigraded and the differential preserves the 
second grading. A DG algebra A with Adams grading is augmented if there is an 
augmentation map e : A ^ k oi degree (0, 0). A DG algebra with Adams grading A 
is said to be Adams connected if (1) Aj = for i < or j < 0, and (2) Aq = k, A^ = 
and Aq = for i, j ^ 0. All Adams connected DG algebras are augmented. 

Similarly, we define coaugmented DG coalgebras with Adams grading. 

In this section, all the DG algebras and DG coalgebras involved are with Adams 
grading. For simplicity, we call a DG algebra (coalgebra) with Adams grading an 
Adams DG algebra (coalgebra). 

It is not hard to see that the bar (cobar) construction (see Section 1) of an (a) 
(co)augmented Adams DG algebra (coalgebra) is an Adams DG coalgebra (algebra). 
The canonical twisting cochain (see Section 4) tq from a cocomplete Adams DG coal- 
gebra C to fl{C) is of degree (1, 0). 

Let A be an Adams DG algebra, and let ACdg{A) {ACdg{A'P)) be the category of left 
(right) DG A-modules with morphisms of degree (0,0). We use = [i] to denote the 
i-th shift functor on the first grading and use s^^ — (j) to denote the j-th shift functor 
on the Adams grading. Let AVdgiA) be the derived category of ACdg{A). Denote 
AV%A) (AViAfP)) as the full triangulated subcategory of AVdg{A) {AVdg{APP)) 
generated by a A (Aa)- Let M and N be objects in ACdg{A), we use 

£xt\^{M,N) = Hom^p,^(^)(M,iV[-z](j)) 

to denote the derived functor. Then 

£xt*/{M,N) = £xt'j^'iM,N) 

is a bigraded space. In particular, if A is an augmented Adams DG algebra, then £ = 
£xt*J^* {k, k) is a bigraded algebra. For convenience, we usually write f j = £xt^^ (fc, k). 

The results obtained in previous sections can be easily generalized to Adams DG 
algebras. Hence in this section, we only state the results without giving proofs. More 
general results can be found in [LPWZ2| Section 10], with some locally finite condi- 
tions. 

Let A be an Adams connected DG algebra and M be a bounded below DG module 
over A. Then there is a minimal semifree resolution (the construction is similar to 
p<Ml Theorem IV.3.7]) P -> Af in ACdg{A) (see also [MW) V 
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Definition 6.1. Let A be an Adams connected DG algebra. It is called a Koszul 
Adams DG algebra if Sxfj^ {k,k) = 0jgz ^^^^a {k,k) = for all i ^ 0. 

It is not hard to sec that, if A is a Koszul Adams DG algebra, then its Ext-algebra 
£ = £xt*J^* {k,k) has the property that = for i ^ or j > 0. Hence f is a 
negatively graded algebra. Comparing with Theorem 13.31 we have the following. 

Proposition 6.2. Let A he a Koszul Adams DG algebra, and let Sj = £^j. Then 
S = ®j>oSj is a connected graded algebra. If in addition Ak G A'D'^g{A), then S is a 
finite dimensional graded algebra. 

We also have the following form of Lefevre-Hasegawa's Theorem. 

Theorem 6.3. Let C be a cocomplete Adams DG coalgebra, B an augmented Adams 
DG algebra and t : C ^ B is a twisting cochain of degree (1,0). The following are 
equivalent 

(i) The map r induces a quasi-isomorphism n(C) B; 

(ii) The adjunction map 

B ®rC ®r B ^ B 

is a quasi-isomorphism; 

(iii) There is an equivalence of triangulated categories 

where AT>dg{C) is the coderived category over the cocomplete Adams DG al- 
gebra C . □ 

If Ak G AV^^A), then £ is finite dimensional, and hence the graded vector space 
dual £'^ is finite dimensional coalgebra. By applying the above theorem and notice 
that a DG comodule over the Adams DG coalgebra £'^ is exactly a complex of graded 
comodules over £*, we have the following proposition which is analogous to Theorem 

Proposition 6.4. Let A be a Koszul Adams DG algebra. If Ak G AV'{A), then there 
is a duality of triangulated categories 

V\gTmod-£''P)^AV'{A'P). □ 

a 

It is convenient for us to deal with the positively graded algebra S, rather than 
the negatively graded algebra £. The abelian category grmod-f°'' is equivalent to 
grmod-S'°'' of finitely generated right S'-modules. We have the following Koszul duality 
theorem of Adams DG algebras. 
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Theorem 6.5. Let A be a Koszul Adams DG algebra. Let S be the graded algebra 
such that Sj — fxi^ (fc, /c). If Ak G A'D'^{A), then there is a duality of triangulated 
categories 

V\gvmod-S°P)-^AV'{jfP). □ 

To establish a version of the BGG correspondence, we need the concept of AS- 
Gorenstein Adams DG algebra which is first introduced in [LPWZj . 

Definition 6.6. Let A be an Adams connected DG algebra, ft is called an ^5- 
Gorensiem Adams DG algebra if RHomA°p(fc,^) = k[r]{s). Moreover if fc^ e A'D''{A'p), 
then A is called an AS-regular Adams DG algebra. 

The following proposition is proved in [LPWZj by using Aoo-algebra. Also one can 
give a proof by using Theorem 16.51 

Proposition 6.7. Let A be a Koszul Adams DG algebra. Then A is AS-regular if 
and only if its Ext-algebra £ is Frobenius. 

Now we can state the BGG correspondence on Adams DG algebras. 

Theorem 6.8. Let A be a Koszul AS-regular Adams DG algebra and S be the con- 
nected graded such that Sj = fxt^ "'(fc, fc). Then there is an duality of triangulated 
categories 

(6) gTniod-5°P ^ AV^i^P)/AVfdijfP), 

where AD fd{A'P) is the full triangulated subcategory of AD'^{A'p) consisting of objects 
M such that dim i?(M) < oo. 

Now let i? be a noetherian connected graded algebra. Let A be the Adams con- 
nected DG algebra with trivial differential by taking A\ = Ri and Aj — ii i ^ j. If 
i? is a Koszul algebra, then it is not hard to see that A is a Koszul Adams DG alge- 
bra. Moreover, Ext°X^^{k,k) = i?-- for all j > 0, i.e., S = R' = E{R) = Ext%{k,k). 
Suppose that gl. dimi? < cxd. Then S = E{R) is finite dimensional. Since E{R) 
is finite dimensional grmod-i?(i?)°'' is dual to grmod-£'(i?). Hence D^ [gixnod- S°p) = 
V^{gm\od-E[R)°P) is dual to r>''(grmod-£'(i?)). Let us inspect the category AV'iJpP) 
in Theorem 16.51 Since the differential of A is trivial and A is concentrated in the di- 
agonal of the first quadrant, the triangulated category ADdg{^P) is naturally equiva- 
lent to the derived category X'(Grmod-i?°P) of the category Grmod-i? of right graded 
i?- modules. Under this equivalence, Aa is corresponding to Rr in X'(Grmod-i?°^'). 
Hence AD'^{A'P) is equivalent to the full triangulated subcategory of D{GrmoA-R°P) 
generated by Rn (closed under the shifts on the grading of Rr), which is equivalent 
to 2?''(proj R°p), the bounded derived category of finitely generated graded projective 
right i?-modules. Since R is noetherian and has finite global dimension, 2?''(proji?°'') 
is equivalent to D^ [gimo A- R°p), the bounded derived category of finitely generated 
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graded right i?-niodules. In summary we have the equivalence (which is estabhshed 
in [BGSj ) of triangulated categories if R is noetherian and of finite global dimension 

V^grmod- E{R)) = X>''(grmod- 

Moreover, we assume that _R is a noetherian Koszul AS-regular algebra. Then the 
Adams connected DG algebra A is Koszul Adams AS-regular DC algebra. Hence in 
the left hand of ([6]), gTniod-S'°P is dual to grmod- E{R). Since AVI^J^p) is equiva- 
lent to P''(grmod-i?°P), the full triangulated subcategory AV fd{A'P) is equivalent to 
I'j^(grmod-i?°P), the triangulated subcategory consisting of objects X such that HX 
is finite dimensional. Hence in the right hand of 

AV''{A'P)/AVfdiA'P) = 2?''(grmod-i?°f)/2?5.rf(grmod-i?°P) 

which is equivalent to I'''(qgri?°'') by |Mi| . In summary we get the BGG correspon- 
dence established in |MS| 

grmod- E{R) ^ V^{qgrR°P). 
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